7

8

A curve is such that the gradient at a general point with coordinates (x, y) is proportional to J_——)i_-_—f
X+

The curve passes through the points with coordinates (0, 1) and (3, e).

By setting up and solving a differential equation, find the equation of the curve, expressing y in terms
of x. [7]
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10 A gardener is filling an ornamental pool with water, using a hose that delivers 30 litres of water
per minute. Initially the pool is empty,, At time ¢ minutes after filling begins the volume of water in
the pool is V litres. The pool has a small leak and loses water at a rate of 0.01V litres per minute.

The differential equation satisfied by V and ¢ is of the form %‘{- =a-bV.

(a) Write down the values of the constants a and b. [1]

(b)

V o— a
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Solve the differential equation and find the value of 7 when V = 1000. [6]
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10 A water tank is in the shape of a cuboid with base arca 40000 cm?. At time 7 minutes the depth of water
in the tank is # cm. Water is pumped into the tank at a rate of 50000 cm’ per minute, Water is leaking
out of the tank through a hole in the bottom at a rate of 6004cm” per minute. %

dh

(a) Show that 20057 = 250~ 3. [3]
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. 5

(b) Itis given that when ¢ =0, 7 = 50.

Find the time taken for the depth of water in the tank to reach 80 cm. Give your answer correct to
2 significant figures. [5]

...........................................................................................................................................................
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10 A balloon in the shape of a sphere has volume ¥ and radius 7. Air is pumped into the balloon at a
constant rate of 407 starting when time 7 = 0 and r = 0. At the same time, air begins to flow out of the
balloon at a rate of 0.877. The balloon remains a sphere at all times.

«

(a) Show that r and ¢ satisfy the differential equation

e ~T t30
(b) Find the quoticnt and remainder when 5/ is divided by 50 —7. 3]

-&r -150
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LTI DL "

(c) Solve the differential equation in part (a), obtaining an expression for 7 in terms of r. {6]

e %__,rL_?/SOr_,Z‘SOO[AISO_r’ ...... s t_lzsa)[/‘scj
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(d) Find the value of 7 when the radius of the balloon is 12. [
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10—x

‘1._.....--..------

A container in the shape of a cuboid has a square base of side x and a height of (10—x). It is given
that x varies with time, 7, where # > 0. The container decreases in volume at a rate which is inversely
proportional to 7.

L de. -3
When 7 = %, x =% and the rate of decrease W Maic d‘% J;f_”_"i;éi‘- So a"é 2 E‘?

(a) Show that x and ¢ satisfy the differential equation

dx -1
dx _ _ 5
dr - 2(20x-3x) Bl
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(b) Solve the differential equation, obtaining an expression for 7 in terms of x. [6]
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10 A large plantation of area 20 km? is becoming infected with a plant disease. At time ¢ years the area
infected is xkm? and the rate of increase of x is proportional to the ratio of the area infected to the

area not vet infected. &

Whent:(),x:land%;:].

(a) Show that x and ¢ satisfy the differential equation

dx _ 19x
dt ~ 20-x"

[2]

(b) Solve the differential equation and show that when t = 1 the value of x satisfies the equation

x = 0-9+0.05x ()]
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(¢) Use an iterative formula based on the equation in part (b), with an initial value of 2, to determine
x correct to 2 decimal places. Give the result of each iteration to 4 decimal places.

(3]
_ _ 09 +0-05%xn
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(d) Calculate the value of ¢ at which the entire plantation becomes infected.

(1]
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hm

A large cylindrical tank is used to store water. The base of the tank is a circle of radius 4 metres. At time
t minutes, the depth of the water in the tank is 2 metres. There is a tap at the bottom of the tank. When
the tap is open, water flows out of the tank at a rate proportional to the square root of the volume of

water in the tank. X

(a) Show that %—’;— =—2A+v'h, where A is a positive constant. [4]
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LT . =

(b) Attime r = 0 the tap is opened. It is given that # = 4 when 7 = 0 and that # = 2.25 when ¢ = 20.

Solve the differential equation to obtain an expression for 7 in terms of %, and hence find the time
taken to empty the tank. [6]
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11 Inafield there are 300 plants of a certain species, all of which can be infected by a particular disease. At
time ¢ after the first plant is infected there are x infected plants. The rate of change of x i i
to the product of the number of plants infected and the number of plants that are not vet infected. The

variables x and ¢ are treated as continuous, and it is given that % =02and x=1whent=0. *

(a) Show that x and ¢ satisfy the differential equation

1495 ﬁ-‘lt‘- = x(300—x).

. d (21
ladectd. ploats.. .20 Plocts...o8h. infectl 2. 200.2. X

...........................................................................................................................................................

..............................................................................................................................................
..............................................................................................................................................

..............................................................................................

..................................................................................................................

.............................................................................................................

............................................................................................................................

(b) Using partial fractions, solve the differential equation and obtain an expression for ¢ in terms of a
single logarithm involving x. [9]
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y
A
|1
A
A = -
ol M ——N

MN

For the curve shown in the diagram, the normal to the curve at the point P with coordinates (x, y)
meets the x-axis at N. The point M is the foot of the perpendicular from P to the x-axis.

The curve is such that for all values of x in the interval 0 < x < %_1: the area of triancle PMN is equal
o tan x. x

(@) (i) Show that o [1]

—A
—-—
- Cmm—

' | = —Ai
&WD‘M A A M”‘ ort P A MM ................................ et

...............................

dy

(ii) Hence show that x and y satisfy the differential equation %yz = tanx. [2]

© UCLES 2021 9709/33/M/3i21

www.pastpaperpenguin.com



11

(b) Given that y = 1 when x = 0, solve this differential equation to find the equation of the curve,
expressing y in terms of x. [6]
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10

A

A tank containing water is in the form of a hemisphere. The axis is vertical, the lowest point is A and
the radius is r, as shown in the diagram. The depth of water at time £ is 2. At time = 0 the tank is
full and the depth of the water is r. At this instant a tap at A is opened and water begins to flow out at
a rate proportional to JEhThe tank becomes empty at time 7 = 14.

The volume of water in the tank is V when the depth is A. Tt is given that V = ix(3rh? — 1%).

(a) Show that s and 7 satisfy a differential equation of the form

- P ad LE E 3
oS e S5 b b SHe e Bl s oo worasan Eale st S e s £ s Y R e o QED(‘JW,\ST(

,5"" k
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(b) Solve the differential equation and obtain an expression for 7 in terms of 2 and r. (8]
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