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2 Find the exact solution of the equation 

    rcos tan x
6
1

2
2
3

0+ + =  for r rx
4
1

4
1

1 1- . [2]
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7

6 It is given that ! = cos−1
�
8
17

�
.

Find, without using the trigonometric functions on your calculator, the exact value of
1

sin!
+

1

tan !
.

[5]
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3

2 (a) Express the equation 3 cos1 = 8 tan1 as a quadratic equation in sin 1. [3]
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(b) Hence find the acute angle, in degrees, for which 3 cos 1 = 8 tan 1. [2]
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3 (a) Show that the equation cos
tan7 12 0
i
i
+ =  can be expressed as

    sin sin12 12 072i i- - = . [3]
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 (b) Hence solve the equation  cos
tan7 12 0
i
i
+ =  for 0 360G Gic c. [3]
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3 Solve the equation
tan 1 + 2 sin1

tan 1 − 2 sin1
= 3 for 0Å < 1 < 180Å. [4]
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4

3 Solve the equation 3 tan21 + 1 = 2

tan21 for 0Å < 1 < 180Å. [5]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

© UCLES 2020 9709/13/O/N/20

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



6

9709/13/M/J/24© UCLES 2024

4 (a) Show that the equation ( )cos tan cos5 17i i i- =  can be written in the form 

sin sina b c 0
2
i i+ + = , where a, b and c are integers to be found. [3]
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 (b) Hence solve the equation ( )cos tan cosx x x2 7 2 5 2 1- =  for x0 180° °1 1 . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019656641006 *

D
O

 N
O

T
 W

R
IT

E
 I
N

 T
H

IS
 M

A
R

G
IN

  
  
  
  
  
  
  
  
  
D

O
 N

O
T

 W
R

IT
E

 I
N

 T
H

IS
 M

A
R

G
IN

  
  
  
  
  
  
  
  
  
D

O
 N

O
T

 W
R

IT
E

 I
N

 T
H

IS
 M

A
R

G
IN

  
  
  
  

  
  
  
  
  
D

O
 N

O
T

 W
R

IT
E

 I
N

 T
H

IS
 M

A
R

G
IN

  
  
  
  
  
  
  
  
  
D

O
 N

O
T

 W
R

IT
E

 I
N

 T
H

IS
 M

A
R

G
IN

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



5

3 (a) Find the set of values of k for which the equation 8x2 + kx + 2 = 0 has no real roots. [2]
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(b) Solve the equation 8 cos21 − 10 cos1 + 2 = 0 for 0Å ≤ 1 ≤ 180Å. [3]
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4 (a) Prove that 
( )sin cos

cos
tan

1
2

2

2 /
i

i i
i

+ -
. [3]
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 (b) Hence solve the equation 
( )

cos
sin cos

tan
1

52

2
3

i

i i
i

+ -
=  for 90 90c c1 1i- . [3]
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7 (a) Show that
tan1

1 + cos 1
+

tan1

1 − cos1
�

2

sin1 cos1
. [4]
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(b) Hence solve the equation
tan1

1 + cos1
+

tan 1

1 − cos1
=

6

tan1
for 0Å < 1 < 180Å. [4]
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7 (a) Prove the identity
1 + sin 1

cos1
+

cos1

1 + sin 1
�

2

cos1
. [3]
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(b) Hence solve the equation
1 + sin1

cos 1
+

cos1

1 + sin 1
=

3

sin1
, for 0 ≤ 1 ≤ 2π. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2020 9709/11/M/J/20 [Turn over

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



10

7 (a) Prove the identity
sin1

sin 1 + cos1
+

cos 1

sin1 − cos1
�
tan21 + 1

tan21 − 1
. [3]
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(b) Hence find the exact solutions of the equation
sin 1

sin 1 + cos1
+

cos1

sin1 − cos 1
= 2 for 0 ≤ 1 ≤ π.

[4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2022 9709/12/O/N/22 [Turn over

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



10

7 (a) Show that
sin 1 + 2 cos1

cos 1 − 2 sin1
−
sin1 − 2 cos 1

cos 1 + 2 sin1
�

4

5 cos21 − 4
. [4]
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(b) Hence solve the equation
sin1 + 2 cos 1

cos1 − 2 sin 1
−
sin 1 − 2 cos1

cos 1 + 2 sin1
= 5 for 0Å < 1 < 180Å. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2022 9709/12/F/M/22 [Turn over

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



5

3 Solve, by factorising, the equation

6 cos 1 tan 1 − 3 cos1 + 4 tan1 − 2 = 0,

for 0Å ≤ 1 ≤ 180Å. [4]
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7 (a) By first obtaining a quadratic equation in cos 1, solve the equation

tan1 sin1 = 1

for 0Å < 1 < 360Å. [5]

........................................................................................................................................................
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(b) Show that
tan1

sin1
−
sin 1

tan1
� tan1 sin1. [3]

........................................................................................................................................................
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7 (a) Verify the identity �2x − 1��4x2 + 2x − 1� � 8x3 − 4x + 1. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Prove the identity
tan21 + 1

tan21 − 1
�

1

1 − 2 cos21
. [3]
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(c) Using the results of (a) and (b), solve the equation

tan21 + 1

tan21 − 1
= 4 cos 1,

for 0Å ≤ 1 ≤ 180Å. [5]

........................................................................................................................................................
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4 (a) Show that the equation

tan x + sin x

tan x − sin x
= k,

where k is a constant, may be expressed as

1 + cos x

1 − cos x
= k. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence express cos x in terms of k. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Hence solve the equation
tan x + sin x

tan x − sin x
= 4 for −π < x < π. [2]

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/13/M/J/21

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



7

5 (a) Solve the equation 6
�
y + 2�

y
− 7 = 0. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Hence solve the equation 6
�
tan x + 2�

tan x
− 7 = 0 for 0Å ≤ x ≤ 360Å. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2022 9709/13/M/J/22 [Turn over

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



18

11 The function f is given by f�x� = 4 cos4x + cos2x − k for 0 ≤ x ≤ 2π, where k is a constant.

(a) Given that k = 3, find the exact solutions of the equation f�x� = 0. [5]
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(b) Use the quadratic formula to show that, when k > 5, the equation f�x� = 0 has no solutions. [5]
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11 (a) Solve the equation 3 tan2x − 5 tan x − 2 = 0 for 0Å ≤ x ≤ 180Å. [4]
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(b) Find the set of values of k for which the equation 3 tan2x − 5 tan x + k = 0 has no solutions. [2]
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(c) For the equation 3 tan2x − 5 tan x + k = 0, state the value of k for which there are three solutions
in the interval 0Å ≤ x ≤ 180Å, and find these solutions. [3]
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9709/11/O/N/24© UCLES 2024

8 (a) It is given that b is an angle between 90° and 180° such that sin ab = .
  Express tan sin cos32 b b b-  in terms of a. [3]
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 (b) Solve the equation  sin cos sin2 4 32 2i i i+ = +   for ° °0 3601 1i . [5]
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