
6

5 The function f is defined by f�x� = 2x2 + 3 for x ≥ 0.

(a) Find and simplify an expression for ff�x�. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Solve the equation ff�x� = 34x2 + 19. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/12/M/J/21
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6

5 The function f is defined for x ∈ > by

f : x  → a − 2x,

where a is a constant.

(a) Express ff�x� and f −1�x� in terms of a and x. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Given that ff�x� = f −1�x�, find x in terms of a. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2020 9709/12/M/J/20
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10 Functions f and g are defined as follows:

f�x� = 2x + 1

2x − 1
for x ≠ 1

2
,

g�x� = x2 + 4 for x ∈ >.

(a)

x

y

−6 −4 −2 2 4

4

6

2

−2

0

The diagram shows part of the graph of y = f�x�.

State the domain of f −1. [1]

........................................................................................................................................................

........................................................................................................................................................

(b) Find an expression for f −1�x�. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Find gf −1�3�. [2]

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2022 9709/12/M/J/22
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8 Functions f and g are defined by

f�x� = �x + a�2 − a for x ≤ −a,

g�x� = 2x − 1 for x ∈ >,

where a is a positive constant.

(a) Find an expression for f−1�x�. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) (i) State the domain of the function f−1. [1]

................................................................................................................................................

................................................................................................................................................

(ii) State the range of the function f−1. [1]

................................................................................................................................................

................................................................................................................................................

© UCLES 2023 9709/12/O/N/23
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(c) Given that a =
7
2
, solve the equation gf�x� = 0. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2023 9709/12/O/N/23 [Turn over
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3

2 The function f is defined by f�x� = −2x2 − 8x − 13 for x < −3.

(a) Express f�x� in the form −2�x + a�2 + b, where a and b are integers. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Find the range of f. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Find an expression for f −1�x�. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2022 9709/13/O/N/22 [Turn over
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6 The function f is defined by f�x� = 2x

3x − 1
for x > 1

3
.

(a) Find an expression for f −1�x�. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Show that
2

3
+ 2

3�3x − 1� can be expressed as
2x

3x − 1
. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) State the range of f. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2020 9709/13/O/N/20 [Turn over
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8 Functions f and g are defined as follows:

f : x  → x2 − 1 for x < 0,

g : x  →
1

2x + 1
for x < −

1
2
.

(a) Solve the equation fg�x� = 3. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/13/M/J/21
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(b) Find an expression for �fg�−1�x�. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/13/M/J/21 [Turn over
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9709/12/M/J/24© UCLES 2024

4 The function f is defined as follows:

( )f x x 1= -  for x 12 .

 (a) Find an expression for ( )f x1- . [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

xO

y

 The diagram shows the graph of ( )gy x=  where ( )g x
x 2
1
2=
+

 for x R! .

 (b) State the range of g and explain whether g 1-  exists. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



7
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 The function h is defined by ( )h x
x 2
1
2=
+

 for x 0H .

 (c) Solve the equation ( )hf fx 16
25

= e o. Give your answer in the form a b c+ , where a, b and c are 
integers. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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5 The function f is defined by ( )f x xx2 12 1= -+  for x 211 .

 (a) (i) State the value of ( )f 1- . [1]
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................

  (ii)

−2

−2

20

2

4

4

−4

−4

y

x

   The diagram shows the graph of ( )fy x= . Sketch the graph of ( )fy x1= -  on this diagram. Show any relevant mirror line. [2]
  (iii) Find an expression for ( )f x1-  and state the domain of the function f 1- . [4]

 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................

* 0000800000006 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN
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 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................

 The function g is defined by ( )g x x3 2= +  for x Rd .
 (b) Solve the equation ( )f gfx 41= b l. [3]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000007 *
DO

 NO
T W

RIT
E IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN
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8 The functions f and g are defined as follows, where a and b are constants.

f�x� = 1 +
2a

x − a
for x > a

g�x� = bx − 2 for x ∈ >

(a) Given that f�7� = 5
2
and gf�5� = 4, find the values of a and b. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2023 9709/11/M/J/23
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For the rest of this question, you should use the value of a which you found in (a).

(b) Find the domain of f−1. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Find an expression for f−1�x�. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2023 9709/11/M/J/23 [Turn over
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7 Functions f and g are defined as follows:

f : x  → x2 + 2x + 3 for x ≤ −1,

g : x  → 2x + 1 for x ≥ −1.

(a) Express f�x� in the form �x + a�2 + b and state the range of f. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/12/F/M/21

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



11

(b) Find an expression for f −1�x�. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Solve the equation gf�x� = 13. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/12/F/M/21 [Turn over

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



8

7 The function f is defined by f�x� = 2 −
5

x + 2
for x > −2.

(a) State the range of f. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Obtain an expression for f−1�x� and state the domain of f−1. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2023 9709/13/M/J/23
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The function g is defined by g�x� = x + 3 for x > 0.

(c) Obtain an expression for fg�x� giving your answer in the form
ax + b

cx + d
, where a, b, c and d are

integers. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2023 9709/13/M/J/23 [Turn over
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9 Functions f and g are defined as follows:

f�x� = �x − 2�2 − 4 for x ≥ 2,

g�x� = ax + 2 for x ∈ >,

where a is a constant.

(a) State the range of f. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(b) Find f −1�x�. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Given that a = −5
3
, solve the equation f�x� = g�x�. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/11/M/J/21
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(d) Given instead that ggf−1�12� = 62, find the possible values of a. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/11/M/J/21 [Turn over
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9709/12/F/M/24© UCLES 2024

9 The functions f and g are defined for all real values of x by

( ) ( )f x x k3 2 2= - +     and    ( )g x x5 1= - ,

 where k is a constant.

 (a) Given that the range of the function g f is ( )gf x 39H , find the value of k. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) For this value of k, determine the range of the function f g. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 

www.pastpaperpenguin.com

pa
st

pa
pe

rp
en

gu
in

.c
om



11

9709/12/F/M/24© UCLES 2024 [Turn over

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) The function h is defined for all real values of x and is such that ( )gh x x35 19= + .

  Find an expression for ( )g x1-  and hence, or otherwise, find an expression for ( )h x . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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6

x

y

O

y = f�x�

The diagram shows the graph of y = f�x�.

(a) On this diagram sketch the graph of y = f−1�x�. [1]

It is now given that f�x� = −
x�

4 − x2
where −2 < x < 2.

(b) Find an expression for f −1�x�. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/13/O/N/21
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

The function g is defined by g�x� = 2x for −a < x < a, where a is a constant.

(c) State the maximum possible value of a for which fg can be formed. [1]

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

(d) Assuming that fg can be formed, find and simplify an expression for fg�x�. [2]
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